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Abstract 

Our previous paper JA^ applied a general version of the Lovasz Local 
Lemma that allows negative dependency graphs [11] to the space of ran- 
dom injections from an m-element set to an n-element set. Equivalently, 
the same story can be told about the space of random matchings in Kn,m- 
Now we show how the cited version of the Lovasz Local Lemma applies to 
the space of random matchings in K2n ■ We also prove tight upper bounds 
that asymptotically match the lower bound given by the Lovasz Local 
Lemma. As a consequence, we give new proofs to results on the enumer- 
ation of d-regular graphs. The tight upper bounds can be modified to the 
space of matchings in Kn,m, where they yield as application asymptotic 
formulas for permutation and Latin rectangle enumeration problems. 

As another application, we provide a new proof to the classical prob- 
abilistic result of Erdos [S] that showed the existence of graphs with arbi- 
trary large girth and chromatic number. In addition to letting the girth 
and chromatic number slowly grow to infinity in terms of the number of 
vertices, we provide such a graph with a prescribed degree sequence, if 
the degree sequence satisfies some mild conditions. 

1 Lovasz Local Lemma with negative dependency 
graphs 

This is a sequel to our previous paper [14] and we use the same notations. Let 
Ai, A2, . . . , An be events in a probability space. 

A negative dependency graph for v4i , . . . , An is a simple graph on [n] satisfying 

Pr(A,;| A,es^) <Pi-(^.), (1) 
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for any index i and any subset S C {j \ ij ^ E{G)}, if the conditional probability 
Pr{Ai I AjfzsAj) is well-defined, i.e. Pr(Ajg5v4j) > 0. We will make use of the 
fact that inequality ([1]) trivially holds when Pi{Ai) = 0, otherwise the following 
inequality is equivalent to inequality (jT]): 

Pr(A,es^ I Ai) < Pr(A,esl7). (2) 
For variants of the Lovasz Local Lemma with increasing strength, see [THl [TBI 

mm-. 



Lemma 1 [Lovasz Local Lemma.] Let Ai,. . . ,An be events with a negative 
dependency graph G. If there exist numbers Xi, . . . ,Xn G [0, 1) such that 

Pr(A,) < Y[ (1 - Xj) (3) 

ij<£E{G) 

for all i, then 

n 

Pr{AWA-)>Y[{l-x,). (4) 

1=1 

The main obstacle for using Lemma [T] is the difficulty to define a useful neg- 
ative dependency graph other than a dependency graph. In [T3], we described 
a general way to create negative dependency graphs in the space of random 
functions U V equipped with uniform distribution. Namely, let the events 
be the set of all extensions of some particular partial functions to functions; 
and create an edge for the negative dependency graph, if the partial functions 
have common elements in their domains or ranges, other than the agreement 
of the partial functions. These events also can be thought of as all exten- 
sions of (partial) matchings in the complete bipartite graph with classes [/, V ^ 
where an edge of the negative dependency graph comes from two event- defining 
(partial) matchings whose union is no longer a (partial) matching after sup- 
pressing multiple edges. In |14| . we used this technique to prove a new result on 
the Turan hypergraph problem, and we found surprising applications as prov- 
ing lower bounds (matching certain asymptotic formulas) for permutation and 
Latin rectangle enumeration problems. 

In this paper, we show an analogous construction of a negative dependency 
graph for events, which live in the space of random matchings of a complete 
graph. We require that the events are the set of all extensions of (partial) 
matchings in a complete graph to perfect matchings, and two event-defining 
partial matchings make an edge, if their union is no longer a (partial) matching 
after suppressing multiple edges. (Although our construction fails for extensions 
of partial matchings of arbitrary graphs, there might be some other graph classes 
providing interesting results.) 

We move one step further and show some general and some specific upper 
bounds for the event estimated by the Lovasz Local Lemma, and show that for 
large classes of problems the upper bound is asymptotically equal to the lower 
bound. These results apply to the permutation enumeration problems in jl4| . 
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and to enumeration problems for regular graphs. The asymptotic enumeration 
results that we prove are not new — with one exception — and typically do not 
give the largest known range of the asymptotic formula, but are nontrivial results 
and often more recent than the Lovasz Local lemma itself. They come out from 
our framework elementarily, and the lower bounds even easily. 

In a forthcoming paper we will extend our negative dependency graph con- 
struction to matchings in complete r-uniform hypergraphs and will apply this 
result to hypergraph enumeration. 

As another application, we revisit a classic of the probabilistic method: 
Erdos' proof to the existence of graphs with arbitrary large girth and chro- 
matic number [5]. We show that in a wide range the degree sequence of this 
graph can be prescribed as well, without requiring much bigger graphs. 

In a scenario of the Poisson paradigm, we estimate the probability that none 
of a set of rare events occur. Let X be the sum of the indicator variables of 
these events and ^ = '^[^)- If the dependency among these events is rare, 
then one would expect that X has a Poisson distribution with mean /z. In 
particular, Pr(X = 0) « e~^. The Janson inequality and Brun's sieve method 
[1] are often the good choice to solve these kind of problems. Now we offer 
an alternative approach — using Lovasz Local Lemma. Our approach can be 
considered as an analogue of the Janson inequality in another setting that offers 
plenty of applications. It is curious that the proof of Boppana and Spencer [S] 
for the Janson inequality (sec also in [I] ) uses conditional probabilities somewhat 
similarly to the proof of the Lovasz Local Lemma. 

For further research, it would be interesting to get asymptotically further 
terms from the Poisson distribution for the probability of exactly k events hold- 
ing, for any fixed k. It would also be interesting to get a few more terms from the 
asymptotic expansion of Pr(A"^]^Aj) in the matching models. Also, a number 
of further applications are possible. 

2 Some general results on negative and near- 
positive dependency graphs 

These lower and upper bounds are general in the sense that there is no assump- 
tion on the events being defined through matchings. 

In many applications, where n ^ oo, both Pr(Ai) and X]y6£;(G) ^'^^ 
so small that one can set Xi =: (1 + o{l))Vv{Ai) to use Lemma[T] We are going 
to show this in some generality, to give a taste of the later results. More precise 
lower bound in a specific setting will be given in Theorem [D 

Lemma 2 Let Ai, . . . , An he events with negative dependency graph G. Let us 
be given any e with < e < 0.14. //Pr(Ai) < e and J2ij^E{G) ^^i^j) < ^ 
every 1 < i < n, then 
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Proof: Set Xi = (1 + 3e)Pr(Ai)[l - Pr(^i)]. It is clear that < < 1. Observe 
that for every i 
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\-x, = l-(l + 3e)[Pr(ylO-Pr(^») 

> i-(i+3.)p.w+ '"^^tr''''"' 

and by the Taylor expansion of the exponential function 

>g-(l+3e)Pr(A.)_ (6) 

Based on (O [6]) , to prove condition ([2]) , we have to show only the first inequality 
in 

The first inequality follows from the the upper bound on e, as 1 < (1 — e)(l + 
3e)e~(^+'^'^'' in the interval (0,0.14). Finally, the conclusion follows from multi- 
plying out the inequalities ([51 [6]) for all i. □ 
Next we give a crucial new definition. For the events Ai, . . . , An in a proba- 
bility space n, and an e with 1 > e > 0, we define an e-near-positive dependency 
graph to be a graph G on V{G) ~ [n] satisfying 

1. Ft{A,AAj) = iiij e E{G). 

2. For any index i and any subset T C {j | ij ^ E{G)}, 

Pr(A, I A,eTA7) > (1 - e)Pr(A,), 

whenever the conditional probability is well-defined. 

Theorem 1 Let Ai, . . . , An be events with an e-near-positive dependency graph 
G. Then we have 

n 

Pr(AlLiA-)<n[l-(l-^)PK^O]- 

Proof: If Pr(A"^]^Ai) = 0, then the conclusion holds. So we may assume 
without loss of generality that Pr(Af^]^ A^) > 0. Now we would like to show that 
for any i and any subset S C V{G) with i ^ S, 

Pr(A, I AjesAj) > (1 - e)Pr(A;), 

as the conditional probability above is well-defined by our assumption. Write 
S = SiU S2, where Si = S n Naii) and 82 = S\ Si. We have 



Pr(A, I AjesAj) 



Pr(A, A (Afcgg, A^) I Ajss, A~) 
Pr(Afces, A^ | Ajes.A]) 
Pr(A,;^,g5,A~)_ 

Pr{Akes^Ak \ Ajes^^j) 

> Pr(A, I A,es.^) 

> (1 - e)Pr(A,0. 
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(The first part of the definitioii of the e-near-positive dependency graph, Pr(Ai A 
Aj) — for ij edges, allowed the elimination of the A^gs^^fc term.) Hence, we 
have 



n 



1^1 



n 



n 



Y[[l - Fv{A, I AL.+i^fc)] < 11(1 - (1 - 6)Pr(A,)). 




□ 



Lemma 3 Assume that G is a negative dependency graph for the events 
Ai, A2, ■■■,An. Assume further that V{G) has a partition into classes, such that 
any two events in the same class have empty intersection. For any partition class 
J, let Bj — Wj^jAj. Now the quotient graph of G is a negative dependency 
graph for the events Bj. Furthermore, if G is an e-near positive dependency 
graph, and the quotient graph has no edges, then the quotient graph is also an 
e-near positive dependency graph. 

Proof. We proved the first part of the Lemma in |T1], for completeness we 
include the proof. Wc have to show that if /C is a subset of non-neighbors of 
J in the quotient graph, then Pr{Bj\ Ak^k Bk) < Pi^iBj). By the additivity 
of (conditional) probability over mutually exclusive events, and it is sufficent to 
show that 



holds for every j € J. However, Ak^K-Bk — AieuKAi, and every i G U/C is 
a non-neighbor of j in G, according to the definition of the quotient graph. 
Therefore, ([8]) holds as G is a negative dependency graph. To prove the second 
part, note that 1. in the first condition to be an e-near positive dependency 
graph holds, as there are no edges in the quotient graph. To prove 2., one has 
to show that Pr(Bj| A^eyc Bk) > (1 - e)Pr{Bj) for any K. and J, with J ^ JC. 
An argument like in the first part works. □ 

3 Examples for negative dependency graphs: The 
space of random matchings of Kn and Kn^m 

For an even integer N, Let denote the probability space of perfect matchings 
of the complete graph K^^ for an even integer N; or the probability space of 
perfect matchings of the complete bipartite graph K^^m equipped with the 
uniform distribution. We are going to apply the Lovasz Local Lemma (Lemma 



Pr(Aj I AkekBk) < Pr(Aj), 



(7) 



and by formula ^ equivalently: 



Pr{AKeKBK \ A^) < Pr{AKeKBK) 



(8) 
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[T]) in ri by identifying a class of negative dependency graphs. For any (not 
necessary perfect) matching M, let Am be the set of perfect matching extending 
M: 

Am ^ {F en\ M C F}. (9) 

We will term an event Am in (O, with M ^ ^, a. canonical event. We will say 
that two matchings, Mi and M2, are in conflict, if Mi U M2 is not a matching 
after suppressing multiple edges. 

Theorem 2 Let Ai he a collection of matchings in Kj^ or K^.m- The graph G 
described below is a negative dependency graph for the canonical events {Aj^i \ 
M e M}: 

• V{G)=M, 

• E{G) = {M1M2 \Mie M and M2 G M are in conflict). 

Proof: For complete bipartite graphs we proved this theorem in [T3] , and there- 
fore we have to prove it now for Kjs[. We will prove the theorem by induction 
on N . The base case = 2 is trivial. Throughout this paper, we always as- 
sume that the vertex set of i^Ar is [N] — {1,2,..., N). There is a canonical 
injection from \N] to [A^ + s], and consequently from V{Kis!) to V{Kis!+s) and 
from E{Kn) to E{Km+s). Through this canonical injection, every matching of 
Km can be viewed as a matching of Km+s- (Note that a perfect matching in 
Km will not be perfect in Km+s for s > 0.) To emphasize the difference in the 
vertex set, we use A^j to denote the event of fl — il,M induced by the matching 
M. 

Lemma 4 For any collection M of matchings in Km , we have 



Pr(AMeA^<f) < Pr(AMeM<+'). 

Proof: We partition the space of Sliv+2 into + 1 sets as follows: for 1 < i < 
-I- 1, let Ci be the set of perfect matchings containing the edge i{N -I- 2). We 
have 

Af+l 

Pr(AMeAl<+') - E 
i=i 

We observe that Ci C A^j^"^ if and only if M conflicts i{N -I- 2), a one-edge 
matching. Let Bi be the subset of M, whose elements are not in conflict with 
the edge i{N + 1). (In particular, Bm+i = M..) We have 

/\MeM ^M^^ A Ci = Aa/(=b. a Ci. 
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Let be the transposition i ^ N + 1. Note that (pi stabihzes Bi, interchanges 
d and Cn+i, and maps AMe^i^M^^ ^ ^' *° ^A/eBi^ju^^ ^ Cat+i. We have 

N+l 

Pii/\MeMA^+^) = ^Pr(AMeA,Aj^+2AC,) (10) 



^Pr(A <+^AC.) 

i=l 
Af+1 

i=l 
Af+1 

i=l 



Pr(AA/eB.Aj^+2 ACjv+i) 



Pr(AMeB,</' I C^+i)Pr(Cjv+i) 



and estimating further 



> (iV + l)Pr(AMeAi</) 



iV+ 1 

The proof of Lemma [4] is finished. □ 
We are back to the proof of Theorem O For any fixed matching A/ e Al, and a 
subset J Q M satisfying that for every M' G J , M' is not in conflict with M, 
by ^ it suffices to show that 



Pr(AM'ej^A/' I Am) < Pr(AM'e j^a/')- (12) 

Let J' = {M' \ M \ M' e J}. Assume first that % ^ J' . Since every matching 
M' in J is not in conflict with M, the vertex set V{M' \ M) of M' \ M is 
disjoint from the vertex set V{M) of M . Let T = V{M) be the set of vertices 
covered by the matching M and U be the set of vertices covered by at least 
one matching F E J' . We have T V\U — %. Let vr be the permutation of 
mapping T to {iV - |T| + 1, iV - |T| + 2, . . . , N}. We have 7r(C/) n 7r(T) = 0. 
Thus, 7r(t/) C [TV - |r|]. Let 'k{J') ^ {t:{F) \ F e J'} and F' = tt{F). Each 
matching in tt{J^') is a matching in Kn_\t\- We obtain (fT2|) using Lemma [4] 
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repeatedly: 



Pi{AM'ejAM' I Am) 



Pr(AM'e jAm' a Am) 



Pr{A 



M) 



Pr{AM'ejAM'\M A Am) 

Pi{Af€J'A^ A Am) 

= Pr(AFej'AF I Am) 

= Pr(AF'e.(j')^ I Mm)) 

= Pr(AF,e.(:7')<^) 

< PiiAp,^^^j,;Af,) 

= Pr(AFej.If) 

= Pr{AM'ejAZ,\M) 

< Pr{AM'ejA^)- 

If G J7', then the LHS of the estimate above is zero, and therefore we have 
nothing to do. □ 
The foUowing example shows that in Theorem[2]one cannot have an arbitrary 
graph in the place of Kf^ or Km^n- Consider G — Cq, this graph has two perfect 
matchings. Let e and / denote two opposite edges of Cg. Consider the following 
two partial matchings: {e} and {/}. We have Pr{A^^j) ~ Pr{A^fj) = 1/2. 
However, we have 



Pr{A[,yAAyy] 



4 Upper bounds in the matching models 

Now we consider £7, the uniform probability space of perfect matchings in Kn 
{N even) or Km,m (with M < N). Let Ai he a. collection of partial matchings. 
Let Aii denote the subset of matchings in A4 of size i, i.e. for M e A4, we 
have M e M., if and only if \M\ = i. Define I = {i : M.^ ^ 0}. Define 
r = maxjg/i = maxj^fg^ the maximum size of elements of M. Also, let 
di be an upper bound for the maximum degree of vertices with respect to the 
edge multiset of A^,;, i.e. 

d^ > max \{M \ v e V{M), M e M^}\. 

v£[N] 

We will use the notation p^^i — (a^— i)(a^-^3)---(a^— 2t+i) and pjv.j — 

N(N-i)--(N- '+11 Kn.m We will use the notation introduced here freely in 
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this section. For any F G A^, let 

Mf ^{M\F \ M e M,M ^ F,M n F j^(l),F is not in conflict to M}. 

We say that a matching A4 = X]ie/-^j S-sparse if 

1. No matching from is a subset of another matching from M. 

2- J2jel djPN-2r+2.j < ^ - '5- 

3. For any F e M, J^meMf Pn,\m\ < ^■ 

4. 16r6 < 1. 

The main result of this section is the following theorem. 

Theorem 3 Let M be a collection of matchings in Kjy or Kn.m- If is 6- 
sparse, then the negative dependency graph is also an e-near-positive dependency 
graph with 



6 = 1 - (1 - 2J) n — ^ ^ ; (13) 

i=0 



and therefore 



Pr(AMeAiAM)< n l-Pr(AA/)(l-2<5)n ' ^ • 

(14) 

We are going to prove Theorem [3] for K^, and leave the proof for Kn.m, which 
requires only negligible changes, to the Reader. 

Lemma 5 Let M be a collection of matchings in Kn ■ For any S,T Q M. with 
S C\T = we have 

Pr(AA/es:4^ | Am^t^) > [] ^ . ^""'^ = ■ (15) 

ze/V 1 + y/l - 8rX;jg/C^jPWj7 

Proof: Let G be the negative dependency graph for the family of events 
{Am} m^m according to Theorem^ For any M £ Mi and j G /, M conflicts at 
most 2idj of other matchings in Aij. As for M S A4i we have Pr(ylM) — PN,i, 
in order to apply the Lovasz Local Lemma (Lemma[T]), we would flnd < Xi < 1 
numbers satisfying 

PN,^<X,l[{^~XJ)^"'^. 
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(Note that j = i is included in the product.) Choose Xi = ypN,i for y 
, , the largest root of 



l = y{l- 2ry^djPN^j). 
Note that y < 2, and therefore Xi < 1 for N > 2. For any i E I, we have 

Xi 

PN,i = — 

y 

= Xi{l~2ry^djPN,j) 
= Xi{l — 2r djXj) 

< - Xj)^''''' (by BernouUi's inequality) 



< x,Y[ii-x,r''^ 



We recall not the conclusion of Lovasz Local Lemma (Lemma [T]), but a crucial 
step in the proof (see [l8j, [Mj): for any T with i ^ T, we have 
Pr{Ai I Ajgr j"5^i^j") < Xi, which in our case yields for any M £ Mi 

'2pN,t 



Pr(AM I AA/'er,AfVM^M') < = 

Assume that S = {Mi, M2, MJ. We have 



Pr(AMi A A .... A Am, \ /\MeTAM) = 



n 



> 



1 - FtIAmi I Am, a Am2 A .... A ^Af,_i A (AMer^Af) 

The proof of Lemma[5]is finished. Note that it also works with T — □ 
Lemma 6 For any collection Ai of matchings in , we have 



Pr(AMeAl</') < ^=_=_Pr(A 

1 + ^1 - Sr}^-^jdiPN,i 

Proof: Partition , introduce Ci and Bi as in the proof of Lemma |4l and 

use the fact derived there between (fTO|) and that 

, JV+l 

Pr(AMeA^<+') - E P<^MeB,AZ). (16) 
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We are going to apply Lemma [5] with S ^ A4 \ Bi and T = Bt. The number of 
matchings of size fc in \ Bi is at most dk ■ We have 

1 . = 



> 



1-E — 

kei 1 + y'l - 8r J2jei '^iPN 
Ar 



> 



1 + Jl -8rJ2jei^jPN,: 



We have from (I16p and the estimate above 

N+l 



i=l 

^ N+l 

^ + ^7^1 1 



1 -SrEje/C^jm 



=Pr(AA/eAl^M). 



1 + -8rY,j^idjPN 

The proof of Lemma [6] is finished. □ 
Proof of Theorem [3) We are going to show that the negative dependency 
graph G defined for matchings of Km in M is also an e-near-positive dependency 
graph with e as in ; and then Theorem [1] together with will finish the 
proof of (dH) and Theorem [3] The first part of the definition, Pr(^i ^ ^j) = 
for ij edges comes for free. We focus on the second part. 

For any F E Aii and a subset S C Ng{F), we need to prove 

Pi{Af I AMesA^) > (1 - e)Pr(AF), 

or equivalently, 

Pr(AMes^ I Af) > (1 - e)Pr(AMes^)- 
Let S' = {M\F\M e S}. Observe that ^ S'. Note that 

Pr(AA/es^j\/ I Af) = p^^^^^ (17) 

PriAMesAM\F AAf) 
PriAF) 

= PriAMeS'A^ \ Af). (18) 
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We have 

PviAMeS'A^ \ Af) = Pr(AMes'^M"'') (19) 

j=i Pr(Aji/eS'^A/ ) 
(by Lemma mi > Pr(AMeS' A];^) H ' o 



> Pr(AMeS'A]^,) n 2 ^^^^ 

For any AI, which does not conflict to F, we have Am\f C Am- We have with 
S' = {M\F \ M (E S} that 



Pr(AMeS'Aj^/) ^ Pr(AMgsAjr,\f.) 
Pr(AMGS^) Pr(AMesII") 



(21) 



Pr(AAf6sI^) 

Pr(AA/esI^) 
= Pr(AAfe5'\5^ I AA/e5^). (22) 

Now apply Lemma [S] to S' \ S, S and S U S' instead of 5, T and To have 
positive number under the squareroot in the formula corresponding to formula 
we need only that 

S'^ dj{MUMF)PN.j 

< 8r ^ dj{M)pN,j + S^r ^ dj{MF)PN,j 

< (1 - 8(5) + ^ P7V,|M'\F| < 1 - 7,5 
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^ n 1- 

Mes'\s ^ 



by the 2. and 3. conditions of (5-sparseness. We have 

2pAf,|J\/| \ 

1 + -y/l - ^rJ2jenMuM^) dj{M U Mf)pn,j) 

> II (l-2pjv,|M|) 

MeS'\s 

I Ml 

> 1-2(5. (23) 
Finally, wc have 

Pr(AAfes^ I Af) 
by ^MB = Pr(AAfeS'^ I 

1 + Jl-8rEjg/C?jPiV-2»j 
byCSlEOl) > Pr(AM65'A]^^)n o 



=0 



by mS2l = PTiAMesAZ)Pr{/\MeS'\sAZ I AAfes</) 



X 



^1 1 + ^J"^~^rY.j<.idjVN-2i,j 



=0 

2 

1=0 



r — i 



Thus, the negative dependency graph G is also a e-positive dependency graph. 
The proof is finished by Theorem [TJ □ 

5 Asymptotic results in the matching model 
5.1 The key result 

A collection M of matchings of or K^^^ is called regular if for every i there 
is an integer di so that for any vertex v the number of machings in Ai containing 
V is di, independent of v. 

Theorem 4 Suppose A4 is a regular collection of matchings of or Km,n 



Let /X = '^MeM^^^Au)- Suppose jj, = o{\/Nr "^Z^) but /i is separated fi 



rom 



zero; and also that Ai is S -sparse for some S — o(/i ^). Then we have 
Pr{AMeMA^) = (1 + o{l))e~^'. 
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Proof: We produce the proof for Kff and leave the almost identical proof for 
Kn,n to the reader. Since M is regular, for each i G I, we have 



2i 



As = Y.t£i \M.i\pN,i, we have 



Y.d^PN,^ = \M^\PN,^'^ < (24) 

i£l iel 

We will use the inequality < 1 + x and the facts that /x = o{\/Nr^'^/'^) 

imply /i = o{N/r'^), /i = o{N), r'^^'^/N — o(l), which in turn implies r'^/N = 
0(1) as /i is separated from zero. To set the lower bound, Lemma[5]with S — M 
and T = implies 

Pr(AMeMA^) > 



> 



2 



(using 1 - x = ei"(i-^) = g-^-^^^") and pjv,,; < 



^ (l-o(l))e-^ 

To set the upper bound, recall Theorem [3] to find a (5-near positive dependency 
graph. Using ([M]) and the fact that P/v-2fe,i = [1 + 0(r^/iV)]pAr^i follows from 
/N = 0(1), we obtain 



k=l k=l 



> 



> 



i + a/i- ^[1 + 0(^)1 



n 

fc=i 

/c=l \ 



^ 4rV r'c'"^'"^- 
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(Note that in the argument above, we actually proved the 2. condition of S- 
sparseness, from the other 3 conditions and the conditions for /i in Thcorcm|4l) 
Thus, 



Pr(A 



MeM 



MeM \ fc=i 



Pr(^Af) 



< n i-(i-25) 



MeM \ 



1 „ ^llt _ n(ll!^\ 



Pr(AM) 



-+o(^)) 



= (l + o(l))e ^ (here we used (5 = ^)). 



We need uniform 0() estimates for these calculations, but those are easy to 
obtain. □ 



5.2 Applications I: Counting /c-cycle free permutations and 
Latin rectangles 

It is known and easy that for any fixed k, the probability of a random permu- 
tation not having any fc-cycle is asymptotically e~^/'^, see Borkowitz [6]. In our 
earlier paper, [14j, we obtained an (1 — o{l))e~^/^ lower bound for the probabil- 
ity from Lovasz Local Lemma. Now we show that machinery that we developed 
in this paper actually yields the asymptotic formula. 

Let us be given two TV-element sets with elements {1, 2, iV} and {1', 2', iV'}. 
Let us identify a permutation of the first set, tt, with a mathching between the 
two sets, such that i is joined to 7r(i)'. A fc-cycle in the permutation can be 
identified as a matching between K C {1, 2, N} to {I' : £ € K} with \K\ = k, 
which does not have a proper nonempty subset with the same property. The 
bad events for the negative dependency graph are these fc-element matchings, 
there are (^)(fc — 1)! of them. Hence M — Mk and r — k. These collec- 
tion of matchings is regular with d = (^)(fc — 1)!/-^ = {N)k/{kN). We have 
H = (^)(fc - l)!(iV - fc)!/iV! = i and pN,k = j^- For the conditions of S- 

sparseness, 1. is trivial, 2. follows from (^j^^2k)k ~ °(V^): as for 3. we 
will select a. S — 0{1/N), which will also take care of 4. 

We are left with justifying condition 3. Fix a fc-matching F corresponding 
to a /c-cycle in the permutation. Take j edges of F with 1 < j < A: — 1. 
These edges can be selected (^) ways which is bounded. The j edges cover 
some s numbers from {1, 2, A^}, either with prime or not. As the j edges 
make just a part of the cycle, j + 1 < s. An edge set M' in the complete 
bipartite graph, which corresponds to different fc-cycle, uses k — s additional 
numbers from {1, 2, A'^}, both with and without prime. Those additional ver- 
tices can be selected in {^Z^) ways. There is a bounded number of ways to 
complete the cycle of M' as the vertex set is given. Now Pn,\m'\f\ — 71vTr~' 
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and EMeM.PN.m < Ck{tu+S) = ^(^Z^)' 

The additional conditions of Theorem [3] also hold, as /i is separated from 
zero, in fact constant, and S — o(l). We also have fi — ^ = o{VNk~^/'^). 
Therefore Theorem |4] applies, and the number of /c-cycle free permutations is 
(l + o(l)e-i/'=. 

Let us turn now to the enumeration of Latin rectangles. A k x n Latin 
rectangle is a sequence of k permutations of {1, 2, n} written in a matrix form, 
such that no column has any repeated entries. Let L{k,n) denote the number 
of fc X n Latin rectangles. L{2, n) is just n! times the number of derangements, 
i.e. (7T,!)2e-^ In 1944, Riordan TT] showed that L(3,n) - {nl)^e-'^. In 1946, 
Erdos and Kaplansky ,9 showed 

L{k,n) - (n!)'=e~(^) 

for k = o((logn)^/^. In 1951, Yamamoto [21] extended this asymptotic formula 
for k ~ o{v}l^). In 1978, Stein [50] refined the asymptotic formula to 

L(fc,n) - (n!)'=^e^(^)-S^ (25) 

using the Chen-Stein method [7], and extended the range to fc = o{ii}l'^). The 
current best asymptotic formula is due to Godsil and McKay [H] , whose further 
refined formula works for k — o(n^/^). 

Formula ([25)1 has had an unexpected proof by Skau tl9j, who proved the 
inequality 

(nO'^nj^l-^^ <L(fc,n), (26) 

from the van der Waerden inequality for the permanent, providing the lower 
bound for the asymptotic formula. The upper bound followed from Mine's in- 
equality for the permanent. In [14] we derived (|26p from Lemma [1] for k = 
o((n/logn)i/2). 

Fix an arbitrary t x n Latin rectangle now with rows 7ri,7r2, ...,7rt. Define 
the event Aij by = 7rt_|_i(j), in other words, we look for matchings from 

{l,2,...,n} to {1', 2', "■'} such that the one-edge matchings (7rt+i(j'), 7ri(j)') 
are to be avoided. In other words, M^*^ = {{iTt+i{j), T^iij)') ■ i^iij) = 7rt+i(j)}- 
These are canonical events. Let Gt be the graph whose vertices are the («,j) 
entries for j = l,2,...,n, i — l,2,...,i, and every (ii,j) is joined with every 
(i2, j). The maximum degree in this graph is i — 1 = o(n^/^). With the choice 
Xij = 2/n these events satisfy ([3]) in the graph G, and therefore the graph G 
according to Theorem [2] is a negative dependency graph. Define the events 
Bj = yi<i<tAij. Clearly Pr(i?j) < t/n. Applying the first part of Lemma[3l 
the quotient graph is empty, and is a negative dependency graph for the Bj 
events. Lemma [T] applies and Pr(A"^]^i3j) > (1 ^ t/n)'^ . Hence we have 

nl(l-iX<^4±^ (27) 
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as we did in [13]. Iterating this estimate, formula follows. 

Our next goal is to prove an upper bound corresponding to the right hand 
side of P5|) . in addition to the lower bound, using our method. Accept for 
the time being that Ait and the single-edge is (5t-sparse. Then we obtain from 
Theorem 151 that Mt is also ej-near-positive dependency graph, where 
defines et with r{Mt) — 1, St{Mt), di{Mt)- It follows from the second part of 
Lemma [3] that 

^"+l-"'<„!fl-(l-..)^y', (28) 



and iterating 



L{t, n) 
we obtain 



L(fc,n)<(n!)'^n(^l-(l-e0^j 



(29) 



We claim that Ait 5t — 0-sparse, as the summation in condition 3. of The- 
orem [3] is empty. Condition 1 and 4 are trivial. Condition 2. simplifies to 
di{M.t)Pn,i < 1/8. As Pn,i = l/n and di{A4t) < t, we have condition 2. Fur- 
thermore, from (dni) we have = - 8di{Mt)/n) < i(l-^l - 8t/n) < 
4:t/n, and hence 



fc-i 



i(fc,n)<(n!)'=n 



1 



t 



(30) 



Comparing the fraction of the upper bound in ((30|) and the lower bound in ((26l) , 
we conclude that the upper bound is asymptotically tight for k = o{n^^^): 



k-l 

n 

t=i 



1+4-0(1-- 



5.3 Applications II: The configuration model and the enu- 
meration of d-regular graphs 

For a given sequence of positive integers with an even sum, d = (di, d2, ■ ■ ■ , dn), 
the configuration model of random multigraphs with degree sequence d is defined 
as follows [4J. 

1. Let us be given a set U that contains N — X]r=i '^i distinct mini- vertices. 
Let U be partitioned into n classes such that the ith class consists of di mini- 
vertices. This ith class will be associated with vertex vt after identifying its 
elements through a projection. 

2. Choose a random matching M of the mini- vertices in U uniformly. 

3. Define a random multigraph G associated with M as follows: For any 
two (not necessarily distinct) vertices Vi and Vj, the number of edges joining Vi 
and Vj in G is equal to the total number of edges in M between mini-vertices 
associated with Vi and mini- vertices associated with Vj . 

The configuration model of random d-regular graphs on n vertices is the 
instance di = d2 = ■ ■ ■ = dn, where nd is even. 
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The enumeration problem of labelled d-regular graphs has a rich history in 
the literature. The first result was Bender and Canfield _3 , who showed in 1978 
that for any fixed d, with nd even, the number of them is 



e'^(d!)2 J ■ 

The same result was discovered at the same time by Wormald. In 1980, Bol- 
lobas [1] introduced probability to this enumeration problem by defining the 
configuration model, and put the result in the alternative form 

(^ + -^^»-^ (dn/2)!2^(ci!)» - ^^^^ 

where the term (1 + o(l))e^^ in pip can be explained as the probability 
of obtaining a simple graph after the projection. The term (jij}fr)\2<^^l^ equals 
(dn — 1)!!, the number of perfect matchings on dn elements, and j^^y^ is just 
the number of ways matchings can yield the same simple graph after projection. 
Bollobas also extended the range of the asymptotoc formula to d < \J2 logn, 
which was further extended to c? = o(n^/^) by McKay [15] in 1985. The strongest 
result is due to McKay and Wormald [16] in 1991, who refined the probability 

of obtaining a simple graph after the projection to (1 + o(l))e^ Tk:+o(ir) 
and extended the range of the asymptotic formula to = o(n^/^). Wormald's 
Theorem 2.12 in [23] (originally published in |22] asserts that for any fixed 
numbers d > 3 and g > 3, the number of labelled d-regular graphs with girth 
at least 5, is 

In our theorem below, we allow both d and g go to infinity slowly. If we set 
(7 = 3, we get back asymptotic formula for the number of d-regular graphs up to 
d = o(n^/'^), giving an alternative proof to McKay's result cited above. However, 
our method inherently fail to extend this result as McKay and Wormald did see 
above). In fact, our method fails to extend the lower bound in this way. 

Theorem 5 In the configuration model, if d > 3 and 

gH^a~^=o{n), (33) 

then the probability that the random d-regular multigraph has girth at least 5 > 3 
is 

The case g = 3 means that the random d-regular multigraph is actually a simple 
graph. 
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Proof: For i = 1, 2, . . . , g — 1, let A^i be the set of matchings of U whose 
projection gives a cycle of length i. Observe that M = UfllMi is regular. We 
have di — d — 1, d2 — (n — l)d{d — 1)^, and for i > 3, 

= (n - l)(n - 2) . . . (n - i + l)d'-^{d - If. 



^ = \Mi\PN.i = -^diPN.i 

iel i=l 

N {n-l){n~2)...{n-i + l)d'-^{d - If 



9? 



2i {N -1){N ~3)---iN -2i+l) 

{d-iy 



1=1 

9-1 

(i+o(i))E' 



2i 



where the o(l) estimate needs g = o{y/n), which follows from the condition ([55)1 . 

We have to verify that Ai is (5-sparse for some 5 = o{fj,^^). Condition 1. 
holds: no matching from A4 is a subset of another matching from A4. For if it 
happened, after the projection we would have the edge set of a cycle as a subset 
of the edge set of another cycle. 

Condition 2. holds: for r = g — 1, we find that the expected 

9-1 

- 1) X! '^^PN-2g,i = 0(1) 
1=1 

is equivalent to gd^^^ — o{n), which follows from ([55]) . We will set a S later 
satisfying 4., which will also be o(l). 

Condition 3. holds: For any F G M, we need estimate J2MeMF Pn,\m\- If the 
projection of F is a loop, then Aip = 0. Now we assume the projection of F is 
a cycle Ck- Assume that M' e M intersects F, M — M'\F, and the projection 
of Af is a cycle C/ with k,l < g — 1. Then the components of Ci fl Ck are t > 1 
paths Pi, P2, . . . , Pt- Fixing the paths, and the edges in M'r\F, some additional 
i vertices are joined with these t paths to make C/. So the number of C/'s (i.e. 
M' matchings) with fixed paths and M' n F, is at most 



E (;)(^+t-i)!2*, 



and the M'-s is at most times more. The paths can be selected X]t=i (2*) 

ways. The associated Pn,\m'\f\ is at most {N — 25)"'^^+*^ We summarize that 



M&Mf t=l 



E miM|<E(2j E (;)(^ + ^-l)'2'il- (34) 
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As £ + i - 1 < g - 3, we have {l + t- l)t-i < {g - 2)t_i, and ([M]) is at most 
12t=i (2*) ~ C>{dg^/n), as the last sum has its biggest term at i = 1. 

Take 5 — Kdg*/n with a large constant and condition 3. has been verified. 
Condition 4 and S = o(/i^^) both follow from ([55)1 . Finally, the condition 
/i = o['\fNr~^/'^) of Theorem m with r = g — I and N = nd, follows from 
We have /i = Q{d^~^) = o(^{ndy/^g~^/'^^ from the condition again. is 
separeted from zero. Therefore Theorem |4] applies. □ 



6 Revisiting girth and chromatic number 

6.1 Some technical lemmas about matchings 

This section proves two technical lemmas about matchings that we will use in 
the last Section. Let N be an even positive integer. For a set 5 C [N], we say 
that a perfect matching M of traverses S, if every edge in M is incident to 
at most one vertex in S, in other words no edge has two endpoints in S. 

Lemma 7 For a fixed set S of size s, the probability that S is traversed, equals 
to 

2' -) 



Proof: Clearly the probability in question does not depend on the choice of 5, 
just depends on the cardinality s. Therefore the probability does not change if 
we average it out for all s-subsets, and hence it is 

#(5, M) : perfect matching M traverses S 

Count now in the ordered pairs in the numerator as follows: for all {N — 1)!! 
perfect matchings, decide which s edges of the N/2 edges of the perfect matching 
have endpoint in S, and for those s edges decide which endpoint out of the two 
possibilities will belong to S. □ 

Lemma 8 Assume that ^^ryj ^ x < j and xN — s- 00. For any fixed set S of 
size xN , the probability that S is traversed is 

-N^+0{Nx^) 

where 0() refers to xN 00. 
Proof: ^From the Stirling formula 

V2^ +OiN'^)\-j^ 
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one easily obtains 



xNj y/2TTx{l-x)N 



Here H{x) — —a; In a; — (1 — x) ln(l — a;) denotes the binary entropy function. 
Also, 



xNj ^27rx(l - 2x)n'^^ 



^^"{Jn) ^ , ^ y ^2.xa^2x)N'' 



and finally we have 

i + o{ 



^xN> \ / ^2ttx(1-x)N 

1 A 11 — X N(^H{2x)-H{x)+xln2) 



xN' 



-Nx^/2+0{x^N) 



' 1 


— X 




- 2x 


' 1 


— X 




~ 2x 



-7v((l/2-x) ln(l-22:)-(l-2;) In(l-x)) 



where the last inequality follows from x = n{^^Yjf). □ 

6.2 High girth and high chromatic number graphs on a 
given degree sequence 

We continue with further definitions for the configuration model, using the no- 
tation from Section [5731 For any subset S of V{G), we define the volume of 
S 

Let A = maxi di denote the maximum degree in G; and let J = X]"=i 
denote the average degree, and d = df /X^ILi second order average 

degree in G. We have 

J < J < A, 

and any of the inequalities holds with equality if and only if all degrees are 
equal. 

Recall that the girth(G) of a graph G is the size of its shortest cycle, and 
xiG) is the chromatic number of G. 

An early result of Erdos [5] asserts that for every k and there is a graph 
G with girth{G) > I and x(G') > k. In the following theorem we refine this 
result of Erdos by providing such a graph G, which in addition, has a prescribed 
degree sequence satisfying some mild conditions. 
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Theorem 6 There exists an £q, such that for every k and i > io, and every 
sequence of positive integers with even sum, d — {di, d2, . . . , (i„) that satisfies 

d > 3 (35) 
8k^{d-lY < N (36) 
MAid-lf-^ < N/W, (37) 

there is a simple graph G, whose degree sequence d, such that girth(G) > £ and 
xiG) > k. In particular, sequences satisfying I135\) . IIS6\) . and |j'7p are degree 
sequences. Furthermore, regular graphs with d > 3, satisfying i36]) . and |5'7[ ), 
have girth{G) > £ and > k. 

Proof: First of all, (I35p and ([57)1 imply that £ < logj N, and from here 
lim^^oo N'^/{N -2£+ ly = 1. 

We apply Lemma[2]to find a lower bound for the probability that G contains 
no short cycles. Bad events are of the form Am where M is a fixed matching 
in J7 of r edges, such that such that under the projection from U to V{G), 
the edges of M turn into a cycle 11^2 ■ ■ - ir of length r for some 1 < r < L 
(Cycles of length r = 1 or 2 are corresponding to loops or multiple edges in 

G.) It is obvious that Pr(Am) = (Ar_i)(Ar„3)(jV^_5)...(jV_2r-+l) ' ^^^^ 

estimates ^]^_2r+iy — P'^(^m) — {N~ry ' "^here the last estimate follows from 
the inequality of arithmetic and geometric means. 

Set e = ''(N^\e+i)t ■ ^'^^ ^ ^ ^0, by ([571) . have e < 1/8 as required in 
Lemma [2] To apply Lemma |2l we have to verify Pr(^A/) < e, and 

M' confiicts to M 

As every Pt{Am) is equal, the latter inequality implies the first. 

Let us denote by E{iii2---ir) the union of the bad events M, each with 
r edges, all of which yield in G a particular 11*2. .-V r-cycle. To estimate 
PT(E(iii2 ■ ■ ■ ir)), select two elements in order from the ijth class for j = 
l,2,...,r, and join the second element selected from the ijth class to the first 
element selected from the Zj+ith class, for every j, identifying index r + 1 with 
1. Now we have 



Fl{E{iii2...ir)) < 



< 



(N -1){N ~3)...{N -2r + l) 
UUidl^d,^) 



{N-2r + l)'- ■ 

(The first inequality actually holds with equality for r > 3.) In order to use 
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Lemma [5J let us sum up first the probabilities of all bad events: 



l)!Pr(^;(^l^2...^r)) 



M 



r=i {ii,i2,...,ir} 



E E 



'■ = 1 {ii,i2,---,ir} 



{N-2r + iy 



< 




Let M be now the bad event defined by some r edges in a matching of U, 
and let M' be a bad event defined by some s edges in a matching of U, such 
that M' is in conflict with M. How many M' can be there? Assume that M 
is yielding the cycle 1112. ..v in G. The s edges of M' must share at least one 
vertex with the r edges of M, say one of the vertices from the ith class. There 
are 2 choices for this vertex, and then dt — l choices for the other vertex of M' in 
the tth class. One selects further is, ■■■,js classes, puts them and t in order, 
and proceeds like we did at the estimation for the event E{iii2...ir)- Therefore, 
the number of M' conflicting events is at most 




Like in the calculations before, 



[N -2s + lY 





^2rA(s- 1)! 



E 



M' conflicts to M 



{^2 J3,--- Js} 




< 



4M (J - lY~^N^ 
N {N-21+1Y 



By Lemma m the probability that girth{G) > ^ is at least 




(38) 
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Now we set an upper bound on the probability that G is fc-colorable. If G 
is fc-colorable, then G contains an independent set of volume at least By 
Lemma [S] at x — 1/k, the probability of this event is at most 

f N N \ ( N 

Now it follows from condition that the probability of fc-colorability in (|39p 
is less than probability of girth{G) > ^ in ([38]) . and therefore with positive 
probability, G has girth greater than £ and has chromatic number greater than 
k. □ 
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